We consider a two-parameter (c ,c) family of quantum integrable Hamiltonians for a chain of alternating spins of spin s = 1/2 and s = 1. We determine the thermodynamics for low-temperature T and small external magnetic field H, with T << H. In the antifer- 
where the variables λ j satisfy the Bethe Ansatz (BA) equations
We consider here a strictly alternating arrangement of spins, with spins 1/2 at even sites and spins 1 at odd sites. For any other ordering of the spins, one can construct a corresponding Hamiltonian which has the same energy eigenvalues and BA equations.
This system of equations admits the same string solutions that are found for the Heisenberg model. In the thermodynamic limit, the model is characterized by particle densities ρ n (λ) and hole densitiesρ n (λ). Following the standard procedure (see, e.g., Refs.
3, 4), we find that these densities obey the constraints
where a n (λ) = 1 2π
and * denotes the convolution (f * g) (λ) =
The thermodynamic Bethe Ansatz (TBA) equations describing the equilibrium system at temperature T are
where
(The particle and hole densities are understood to be those at equilibrium.) The equilibrium free energy is given by
where s(λ) = 1/ (2 ch πλ) , and 2e 0 =c
In the high-temperature limit with zero field, these equations give the expected value for the entropy, namely S = N ln 6. We now consider small values of T and H, with
T << H. We define ε n (λ) = lim T →0 ǫ n (λ) . Keeping in mind that ǫ n > 0 for H > 0 and n ≥ 3, we obtain from the TBA equations the following system of linear integral equations for ε 1 and ε 2 :
where h = s * a 1 , and the superscript + on a function denotes the positive part of that function; i.e., ε
The qualitative behavior of the solutions depends on the sign of the parametersc andc, and the various cases must be studied individually. Let us first consider the antiferromagnetic casec > 0,c > 0. In this case, for H = 0 the solutions ε 1 (λ) and ε 2 (λ) are readily found, and are seen to be negative for all λ. Hence, for the ground state,
, and all other particle and hole densities are equal to zero 5 . Thus, the ground state is a "sea" of strings of length 1 and a "sea" of strings of length 2, in agree- For H small but nonzero, we can solve for ε 1 and ε 2 by generating from (13) a system of Wiener-Hopf equations. To this end, we define α n to be the zeros of ε n (λ), i.e., ε n (α n ) = 0 , for n = 1 , 2 . We assume
where the constants κ n (which are independent of H) have still to be determined. Introducing the functions
we obtain (for H → 0) the following system of Wiener-Hopf equations
In order to find the leading-order temperature dependence of the free energy, we must compute the leading correction to the solutions ǫ n = ε n of the linearized equations (13).
Hence, we set ǫ n (λ) = ε n (λ) + η n (λ) in the TBA equations and expand to leading order in η n , as is explained in Refs. 6 and 7. In terms of the functions
we obtain (for H → 0) a second system of Wiener-Hopf equations:
Both systems (16) and (18) involve the same 2 × 2 matrix kernel, which in Fourier space is given byK 
where G + (ω) and G Using standard Wiener-Hopf methods, we conclude that the solutions of Eqs. (16) and (18) are given (in matrix notation) bŷ
andT
Moreover, the parameters κ n introduced in Eq. (14) are given by
In order to calculate the free energy per site f = F/2N , we substitute ǫ n = ε n + η n into the expression (12) for the free energy, as is explained in Refs. 6 and 7. We obtain
with
Forc =c, the quantities A and B cannot be explicitly evaluated without having explicit expressions for the factors G + (ω) and G − (ω), which we have not yet found.
For the special casec =c ≡ c, the quantities A and B can be readily evaluated, and we conclude (for T << H )
It follows that the magnetic susceptibility and specific heat, to lowest order, are given by
respectively.
This model has 2,9 two gapless excitations, with corresponding speeds of soundv = 2πc andṽ = 2πc. Evidently, the casec =c is the unique case for which the two speeds of sound coincide, and the model is conformally invariant. For a critical chain, the low-temperature free energy per site is given by
where c vir is the central charge of the Virasoro algebra and v s is the speed of sound.
Therefore, from (27) we see that c vir = 2. Presumably it is no coincidence that precisely for the conformally invariant case, explicit expressions for G + (ω) and G − (ω) are not needed to evaluate the free energy.
We now consider the casec = 0,c > 0. For this case, there is a one-parameter (α) family of lowest-energy states. Indeed, consider the following one-parameter family of densities:
and all other particle and hole densities are equal to zero. These densities obey the constraints (7), and give (independently of the value of α) the same lowest value for the energy. Moreover, to leading order in N , the spin is S z = 0, and the entropy is
In particular, for α = 0 , 1, the entropy is nonzero and is proportional to N , implying an infinite degeneracy of states. This degeneracy is consistent with the fact that, above the α = 1 vacuum, there are excitations (namely, holes in the sea of real roots) which have zero energy and non-zero momentum 2 . We are not aware of any other model with such properties 12 .
We speculate that the system can be brought to these various states by first preparing the system at finite T and H, and then approaching the origin (T = 0 , H = 0) of the (T , H)-plane from appropriate directions. The ground state of the system is the state which is reached by approaching the origin along the line H = 0. Unfortunately, we cannot determine the particular value of α corresponding to this state, since this would entail computing lim T →0 lim H→0 ǫ 1 /T , while we know how to calculate only for T << H 13 . By approaching the origin of the (T , H)-plane along the line T = 0, the state with α = 0 is reached.
We have calculated the free energy for small values of T and H, with T << H. The calculation is similar to the one above, except that now one must take into account that ε 1 (λ) does not have a zero. We find that, to leading order, the free energy per site is given
Contrary to appearance, this result does not imply that f diverges for H → 0, since in the region where the calculation is valid (T << H), the last term is finite. This result is nevertheless unusual, since it implies that C H /T is a function of H. Note added: After this work was completed, we received a preprint (Ref. 14) which discusses chains of alternating spin 1/2 and spin s. However, that paper considers neither the effect of an external magnetic field, nor the behavior of the models away from the conformally invariant point (i.e., forc =c).
